The oscillation coupling and different nonlinear effects are observed in a single trapped 40 Ca + ion confined in our home-built surface-electrode trap (SET). The coupling and the nonlinearity are originated from the high-order multipole potentials due to different layouts and the fabrication asymmetry of the SET. We solve a complicated Duffing equation with coupled oscillation terms by the multiple scale method, which fits the experimental values very well. Our investigation in the SET helps for exploring nonlinearity using currently available techniques and for suppressing instability of qubits in quantum information processing with trapped ions.
I. INTRODUCTION
The Duffing oscillator is generally used to describe nonlinear dynamics in oscillating systems [1] [2] [3] [4] . The corresponding Duffing equation models a damping and driven oscillator with more complicated behavior than simple harmonic motion, which can be used to exhibit chaos in dynamics and hysteresis in resonance [5] [6] [7] [8] [9] [10] .
On the other hand, the motion of trapped ions is highly controllable and can be employed to transfer quantum information when cooled down to ground state [11] . Since it is effectively approximated to be harmonic, the ion motion in a quadruple electromagnetic trap [12] can be regarded as a good mechanical oscillator, which may exhibit nonlinearity when driven to the nonlinear field. For example, Duffing nonlinear dynamics has been investigated in a single ion confined in the linear ion trap [13] . The trap nonlinearity introduces instability in the motion of the ion, which should be avoided in most times, but can also be used in resonance rejection and parameter detection in mass spectrometry [14, 15] . Recent research also showed the feasibility of phonon lasers based on the nonlinearity of a single trapped ion under laser irradiation [16] .
We focus in this work on the nonlinearity in a homebuilt surface-electrode trap (SET). The SET, with capability to localize and transport trapped ions in different potential wells, is a promising setup for large-scale quantum information processing [17] . In comparison to conventional linear Paul traps, however, the reduced size and asymmetry in SET lead to stronger high-order multipole potentials [18] [19] [20] , which affect the stability of the ion trapping. To solve the problem we have to understand the source and the strength of the nonlinearity. Due to complexity resulted from the high-order multipole potentials, the nonlinear effect in the SET cannot be simply described by the Duffing oscillator as for the linear trap, * Corresponding author Email: mangfeng@wipm.ac.cn but an inhomogeneous-coupled Duffing oscillator involving quadratic and cubic nonlinearities. We observed the nonlinearity experimentally in our SET, and by the method of multiple scales we derived an inhomogeneouscoupled Duffing oscillator to fit the experimental values, which shows that both the nonlinearity and axial-radial coupling exist in the case of the frequency resonance (i.e., around the regime of driving detuning being zero). Moreover, we show in the non-coupling case different nonlinear effects in different dimensions, which is due to different asymmetry in fabrication of the SET.
II. EXPERIMENTAL SETUP AND IMAGES OF ION MOTION

FIG. 1:
The layout of our home-built SET with the top-right inset for the relevant energy levels of the trapped 40 Ca + ion. The 40 Ca + ion is cooled by the laser beam at 397 nm on the 4s 2 S 1/2 ←→ 4p 2 P 1/2 transition, helped by another laser light at 866 nm as repumping. Here, the trapped ion is above the electrodes by 0.8 mm (See the bottom-right inset).
Our home-built SET is a 500 µm-scaled planar trap with five electrodes for radial confinement, and fabricated by printed circuit board technology [21] . As shown in Fig. 1 , the five electrodes consists of a central electrode, two radio-frequency (rf) electrodes and two outer segmented dc electrodes, where the rf electrodes, the central electrode and the gaps in between are of the same width of 500 µm. Each outer segmented electrode consists of five component electrodes, i.e., a middle electrode, two control electrodes and two end electrodes. The widths of the control electrodes and end electrodes in the segment are 1.5 mm and the middle electrode is 1 mm wide. The gap in the segmented electrode is of 500 µm width. When the SET works, the trapped 40 Ca + ion stays above the electrodes by 0.8 mm, and the pseudopotential trapping depth is below 1 eV with rf amplitude U (0-peak)= 400 V and rf frequency Ω/2π = 15 MHz. The voltage on the four end electrodes is V ec = 40 V but zero on other electrodes. The experimental setup is plotted in Fig. 2 , where the ultraviolet radiation at 397 nm excites 4s 2 S 1/2 ←→ 4p 2 P 1/2 transition by a grating stabilized laser diode with power up to 30 mW and linewidth less than 2 MHz. Another grating stabilized laser diode at 866 nm with power up to 100 mW and linewidth less than 5 MHz excites the 3d 2 D 3/2 ←→ 4p 2 P 1/2 transition. The frequencies of the both laser diodes have been calibrated to the wavelength meter (HighFiness, WS-7). Typical laser powers at the trap center are 50 µW for 397 nm in red detuning (-80 MHz) and 500 µW for 866 nm in carrier transition. In our SET, the single 40 Ca + ion is laser cooled and stably confined, which is monitored by photon scattering collected by both an electron-multiplying chargecoupled-device (EMCCD) camera and a photomultiplier tube (PMT). Outside the vacuum chamber, the electrical connections immediately encounter a "filter box", which provides low-pass filtering of the voltages applied to the electrode. An additional drive force is electrically connected to one of the middle electrodes behind the filter box, which provides an excitation to drive the ion away from equilibrium. Due to the design of our SET system, the motion of the ion is detected only in the xz plane by the EMCCD. As a result, what we study throughout the work is the oscillation along the axial direction (zaxis) and the radial direction (x-axis), whose harmonic frequencies are, respectively, ω 0z /2π = 191.7 kHz and ω 0x /2π = 425 kHz. Moreover, since the harmonic frequency in y-axis is ω 0y /2π = 925 kHz, much bigger than in other axes, the ion can be regarded as a very tight confinement in y direction. We have suppressed the micromotion by the rf-photon cross correlation compensation [22] , which yield cooling of the ion down to the temperature below 10 mK.
To study the nonlinear mechanical response, we drive the ion to the nonlinear regime by a small oscillating voltage, i.e., V = 7 V, applied to one of the middle electrodes. We slowly increase the driving frequency with the scan step 0.1 kHz, from 189.0 kHz to 433.0 kHz (the positive scan), the ion oscillates first along the z-axis and then turns to the x-axis for oscillation. The particularly interesting observation is the simultaneous responses, i.e., a rectangle trajectory, in both x-and z-axes when the sweep is close to the harmonic resonator frequency in either of the axes. Similar behavior is also found in the negative scan. We measure the ion oscillation by taking time-averaged images from the EMCCD. In Fig. 3 , seventeen such images for different drive frequencies are presented for positive and negative scans, respectively. For the ion originally oscillating in the z-axis, we slowly scan the drive frequency ω z across the harmonic resonance at ω 0z . When the detuning σ = ω z − ω 0z approaches zero, the rectangle trajectory appears, implying a coupled motion between x-and z-axes due to axial-radial coupling (explained later). For a more clarified observation, we scan with smaller steps around the regime σ = 0, as shown in 
III. THEORETICAL MODEL
To understand the observation above, we have to consider the multipole potential in the SET, which is given by [23] 
where the subscript i labels different electrodes and the subscript j is for the spherical harmonics Y j (x, y, z). Both Y j (x, y, z) and the related parameters M j are defined in [23] . g ij is the weight factor for different electrodes. In this treatment, the initial equilibrium position of the single trapped ion is defined as the origin of the coordinates. The five-wire SET generally consists of quadrupole and hexapole potentials [20] . Considering the defect in our SET, we also involve octopole potential in our treatment. Following the definition in [23] , we have the subscripts j = 5, · · · , 25 where j from 5 to 9, from 10 to 16 and from 17 to 25 correspond, respectively, to the quadrupole, hexapole and octopole potentials. For different potentials Ψ i = V i + U i cos(Ωt) applied, respectively, to N electrodes, where V i is the dc voltage on the electrode i and U i cos(Ωt) represents the rf voltage U i on the electrode i driven at frequency Ω, we rewrite Eq. (1) for the dc potential Φ dc and the rf potential Φ rf as
where we have used
Moreover, we have the 1D motional equation for the trapped ion [24] ,
with ξ = x, y and z. Combining Eq. (2) with Eq. (3), we obtain the equation of motion in the z direction,
where x, y and z represent, respectively, the displacement of the ion from the equilibrium position in the three dimensions, µ is the linear damping parameter originated from the recoil due to photon absorption, k z is driving amplitude. The detailed expressions of the nonlinear coefficients α i (i =
Using the method of multiple scales [25] , we obtain the steady-state solution to Eq. (4) 
where the nonlinear coefficients α 2x and α 2y are relevant to the coupled motion along x-and y-axes. c, b and a are the response amplitudes, respectively, in x, y and z directions. ω 0x /2π and ω 0y /2π represent the harmonic frequencies in x-and y-axes. For more clarification, we define a parameter α total as
where α 3 originates from the cubic nonlinearity, ∆α 2 = −10α 
IV. DISCUSSION ABOUT THE NONLINEARITY AND COUPLING In our home-built SET, since the harmonic frequency in y-axis is much bigger than in other axes, the ion is confined very tightly in y direction, which leads to a reasonable assumption b/a ≪1. As a result, the coupled term ∆α is reduced to ∆α = χc 2 /a 2 with χ = −2α8α2x 3ω 2 0x + 2α5 3 . Moreover, α 3 and ∆α 2 in Eq. (6) are nothing to do with the coupled motion and their sum α 3 + ∆α 2 can be measured experimentally by
with the maximal amplitude a m and the maximal detuning σ m in the non-coupling case. As a result, Eq. (7) is reduced to a steady-state solution to the amplitude of the response a with respect to the drive detuning σ for the known driving force amplitude k z , In our experiment, ω 0z is measured via ion response in the linear regime, k z = 0.075 × 10 6 Hz 2 m is obtained by observing the ion displacement versus the middle electrode voltage [19] , α 3 + ∆α 2 = 0.1959 × 10
18 Hz 2 /m 2 is measured using the observed dependence of a m on the maximal detuning σ m . We evaluate µ = 177.1 Hz using the relation a m = k z / (2µω 0z ). The comparison in the non-coupling case between the measured and calculated values of a and σ is made in Fig. 5(a) , where Eq. (9) without the coupling term ∆α (the black solid curve) can fit most experimental values for both the positive and negative scans (red stars and green crosses, respectively). In this situation, the vibrational amplitude c in x-axis is negligible. Some experimental values around σ = 0, which are not fitted well by the solid curve, are actually relevant to the case of coupled motion. To be more clarified, we scan the region around σ = 0 with smaller step than in Fig. 5(a) . The fitting by considering the coupling term ∆α in our calculation can fully cover the measured data, as shown in Fig. 5(b) . In such a case, we find that the vibrational amplitude c in x-axis is visible, which is excited by the energy transfer from z-axis due to motional coupling. This energy transferred from z-axis to x-axis is nearly constant in the adiabatic operation so that we obtain χ c 2 a 2 ≈ 4.5 × 10 18 Hz 2 /m 2 . Fig. 5(b) also shows that the motional coupling stops when σ/2π approaches 0.25 kHz. We see that a goes up to a maximum with c dropping to zero, implying that the system returns to the non-coupling case. Therefore, the vibrational trajectories imaged in Figs. 3 and 4 can be fully understood by the complicated Duffing oscillator with and without the term for coupled motion. Moreover, we also checked nonlinear effects in different directions in our SET by applying the drive on the x-axis and repeating the experimental steps as above for z-axis. It is physically evident that the behavior can be described by a slight modification of Eq. (4) by exchanging z and x, and replacing k z and ω z by k x and ω x . As an example, we only present the non-coupling case in Fig.  6 , where the measured data is fitted well by the steady solution to the complicated Duffing oscillator with different nonlinear coefficients and different damping rates from in Fig. 5(a) . In comparison to the shape of the curve in Fig. 5(a) , the oscillation in such a case reaches the maximum amplitude before σ = 0, i.e, the red de- (4) originated from the different asymmetry from in z-axis.
V. CONCLUSION
In conclusion, we have experimentally investigated the complicated oscillations in our home-built SET, which are related to the high-order multipole potentials. Both the coupling and non-coupling cases, as well as the driving along different axes, are studied. Our observation can be fully understood by the nonlinear effects and the motional coupling from the solution of a complicated Duffing oscillator.
In comparison to the relevant study on a single ion oscillating in the linear trap [13] , our home-made SET owns higher-order multipole potentials, which cause more fruitful nonlinear effects and even the motional coupling between different directions. Although there are also axial-radial couplings observed in the ion trap, e.g., with ion cloud in [26] , such a motional coupling is much more evident in the SET, which, in addition to the couplings regarding zx and xz 2 , is also reflected in the zx 2 term in Eq. (4) with the coefficient α 5 . According to our calculation, the motional coupling in our observation is mainly influenced by the coefficients α 5 and α 8 , which implies the combined action from the quadrupole, hexapole and octopole potentials. This is the reason that the rectangle trajectories have never been observed previously in linear ion traps. Moreover, recent investigation of the phonon laser based on the nonlinear oscillation of the trapped ion demonstrated the analogy to the Fabry-Perot laser with 100% reflecting mirrors [16] . In contrast, the SET under our study seems an asymmetry Fabry-Perot cavity, which may yield two split beams of the phonon laser in perpendicular axes. Coherent transfer between the two split phonon beams would be useful in fundamental physics and practical application. Further work in this aspect is underway.
With the trapped ions cooled down to the motional ground state, we may have an excellent platform to demonstrate nonlinear behavior in a fully quantum mechanical regime and also carry out quantum logic gate operations. Therefore our work presents a way to exploring complicated nonlinearity using experimentally available techniques and it is also useful for suppressing detrimental effects from the nonlinearity in quantum information processing using trapped ions. Our calculation is based on Eq. (4), in which the nonlinear coefficients originate from the high-order multipole potentials. By setting e and m to be the electric quantity and the mass of single calcium ion, we have the nonlinear coefficients as
with ω Eq. (5) is obtained by the standard steps of the multiple scale method. Starting from Eq. (4), we assume that the driving frequency is a perturbative expansion of harmonic oscillator frequency [27] , i.e., ω z = ω 0z + ǫ 2 σ, with a small dimensionless parameter ǫ. Following the method in [28] , we rewrite Eq. (4) by setting z = ǫu, x = ǫp, y = ǫq, the damping term as 2ǫ 3 µu and the driving term as ǫ 3 k z cos(ω z t). Introducing a new parameter T i = ǫ i t (i = 0, 1, 2), we rewrite u, p, q as,
Then we compare the coefficients of ǫ 0 , ǫ 1 and ǫ 2 , which yields, 
where D i = ∂/∂T i , (i = 0, 1, 2). We may solve u 0 = A (T 2 ) exp(iω 0z T 0 ) +Ā (T 2 ) exp(−iω 0z T 0 ) and u 1 = α 2 [A 2 exp(2iω 0z T 0 ) − 6AĀ + A 2 exp(−2iω 0z T 0 )]/3ω 2 0z from Eqs. (20) and (21) by eliminating the secular term. Similarly, from equations of the oscillations in x-axis and y-axis, we may solve the variables p 0 , q 0 , p 1 and q 1 as p 0 = C (T 2 ) exp(iω 0x T 0 ) +C (T 2 ) exp(−iω 0x T 0 ), (23) 
